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Abstract: To construct rigidly or locally super symmetric bulk-plus-boundary actions, one 
needs an extension of the usual tensor calculus. Its key ingredients are the extended (F-, 
D-, etc.) density formulas and the rule for the decomposition of bulk multiplets into (co- 
dimension one) boundary multiplets. Working out these ingredients for d = 4 N = 1 Poincare 
supergravity, we discover the special role played by i?-symmetry (absent in the d = 3 N = 1 
case we studied previously). The U{1)a i?-symmetry has to be gauged which leads us to 
extend the old-minimal set of auxiliary fields S, P, by a U{1)a compensator a. Our results 
include the ll F + A" density formula, the "Q + L + A" formula for the induced supersymmetry 
transformations (closing into the standard d = 3 N = 1 algebra) and demonstration that the 
compensator a is the first component of the extrinsic curvature multiplet. We rely on the 
super confer mal approach which allows us to perform, in parallel, the same analysis for new- 
minimal supergravity. 
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1. Introduction 

Rigid and local supersymmetry (susy) in the presence of boundaries have been studied before 
(see references in (l|), but in most of those studies boundary conditions (BC) were imposed in 
order that the action remains supersymmetric in the presence of a boundary. Often these BC 
were treated on a par with the BC one gets from the Euler-Lagrange variational equations. 
We are, instead, interested in constructing actions that remain susy without imposing any BC 
("susy without BC") by adding suitable boundary terms to the action §]. For rigid susy, 
the formalism of co-dimension one superfields || provides an easy way to construct bulk-plus- 
boundary actions that are "susy without BC" ||, [|. In ||] we showed that the same could be 
achieved in the local susy case by developing a boundary-extended tensor calculus for d = 3 
N = 1 Poincare supergravity (sugra). We found there that the standard d = 3 F-density 
formula 1 

C F = e 3 (> + \^m! M X + \a^ m1 mn ^ n + AS 3 ) (1.1) 

1 Oui conventions are summarized in Appendix ^. To avoid confusion with the auxiliary field S in d = 4, 
we denote the auxiliary field in d = 3 by 53. 
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for a scalar multiplet (A, x, F) interacting with the supergravity multiplet (e^^, ipMi S3), 
combined with a boundary "A-term," gives rise to a bulk-plus-boundary action (that we 
called the U F + A" formula) 

S= f d 3 xC F - [ d 2 xe 2 A (1.2) 

J M JdM 

which is supersymmetric under half of bulk susy parametrized by e + (x) = |(1 + 7 3 )e(x), 
provided we use modified susy transformations 

*'(e+) = 5g(e+) + 5 L (A a 3 = -e+^-) (1.3) 

which close into the standard d = 2 N = (1,0) superalgebra. The accompanying (local) 
Lorentz transformation 5x,(A a g) we found to be needed as a compensating transformation to 
maintain a particular Lorentz gauge, 

ej = e a 3 = (1.4) 

This gauge is opposite to the standard Kaluza-Klein gauge choice es a = e 3 m = 0. However, as 
we demonstrate explicitly in Appendix [A], it is not necessary to impose this Lorentz gauge. By 
using projection operators familiar from the Gauss-Codazzi equations ||, we define projected 
induced symmetry transformations that lead to the same results. 

We will demonstrate that the program of "susy without BC" works for d = 4 N = 1 
supergravity, provided we use a formulation which maintains the ^7(1)^4 (with "^4" for "axial") 
i?-symmetry as a local symmetry. New-minimal sugra |J inherits the U(1)a gauge symmetry 
from conformal sugra 0, but in old-minimal sugra |8| the U(1)a local symmetry has been 
gauge fixed. Thus we relax the U(1)a gauge, after which both old- and new-minimal sugra 
can be treated on a par. We will find, in particular, that the modified susy that is preserved 
by the boundary and which closes into the standard d = 3 N = 1 superalgebra has the form 

<?(e + ) = 6%(e + ) + 6 L (\ a z(e + )) + 6 A (u(e+)) (1.5) 

where the composite parameters A a 3(e + ) and w(e+) of the Lorentz and U(1)a transformation, 
respectively, depend on the bulk fields only through i^ a -- This field ip a - is supercovariant 
under local e+ susy transformations. 



2. The "B problem" 



When one tries to extend the d = 3 N = 1 results of |l]] to the case of d = 4 N = 1 old- 
minimal (Poincare) supergravity, one runs into the following problem. The d = 4 F-density 
for a scalar (chiral) multiplet (A, B,x, F' ,G') interacting with the supergravity multiplet 
(e M A ,^ M ,S,P,A^) reads § 



jCf = 64 



F' + \i>ul M X + \^m! MN {A - i l5 B)^ N + AS + BP 



(2.1) 
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Under local susy (8eM A = ^-l A ipM, SipM = 29m £ + ■ ■ ■ , SA = ex, SB = —eij^x, etc) it varies 
into a total derivative, 



5(e)C F = d M {e 4 [h M X + n MN (A - i^B)^] } 



(2.2) 



In the gauge ( |1.4| ) and considering only the half of susy parametrized by e + = ^(1 + j 3 )e(x) 
with constant 7 3 , the variation of J M d 4 x£-F gives (we take x 3 > in M. and the boundary 



dM at 



0) 



d xe 3 



dM 



e+X- + £+l a (^a+A - i-y 5 ip a -B) 



(2.3) 



where we defined tpa = &a m " l Pm, ip a ± = 1(1 ±7 3 )^ a and used e + 7 3 = — e + . We also used that, 



in the gauge (1.4), e% = eg e 4 (with = det e m a and e 4 = det cm )■ From <5e3 = 63(6+7°^+) 
and 6 A = e + x~, one finds a natural candidate for the bulk-plus-boundary action 



Sf-\ 



d^xLp 



d 3 xe 3 A 



>M J8M 

Its e+ susy variation cancels the first two terms in (2.3) but the I?-term remains 



5(e+)SF+A 



d 3 xe 3 (e + ij 5 j a ilj a ^)B 



(2.4) 



(2.5) 



dM 



This poses a problem as it appears to be impossible to cancel this remaining variation (without 
imposing any BC) within old-minimal supergravity. 

A simple observation guides us towards the solution of this problem. Namely, the ll F+ A" 
action would be invariant if we could modify the e+ susy transformation by an additional 
transformation rotating A into B with a composite parameter proportional to e+i7s7 a V ; a-- 
The bulk ^-density should then be invariant under such a rotation. Recalling that old- 
minimal sugra is a gauge- fixed version of conformal supergravity where such a U(1)a sym- 
metry has been gauge-fixed, we reconsider the gauge-fixing procedure and restore the U{1)a 
symmetry. One way of doing this would lead us to the known new-minimal formulation; 
another way produces a new version of old-minimal supergravity with an additional U(1)a 
compensator arising as a Stiickelberg (or Goldstone) field. 



3. Poincare sugras preserving U(1)a 

All known d = 4 N = 1 Poincare sugras follow from the superconformal approach by combin- 
ing the gauge multiplet [&m A ,^M, Au,hu) of conformal sugra ]7j with different conformal 
matter multiplets serving as "compensator multiplets" JlOj, 11, |I2|. Certain components 



of these multiplets are gauge fixed to break extraneous superconformal symmetries (such 
as dilatations) while the remaining components become auxiliary fields in the corresponding 
Poincare sugra multiplet. Using a conformal chiral compensator multiplet (Aq, Bq, xo, Fq, Gq) 
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one finds the old-minimal (OM) sugra multiplet (eM A , ipM , A 1 ^ , S, P) with = — §4m, 
S = 3Fq and P = —3Go ]l0|, while using a linear compensator multiplet (Cq,\o, Bm) one 
finds new-minimal (NM) sugra with multiplet (ej/, ipM, Am, Bm) P^|- 2 However, as we 
show in Appendix one can find further consistent (extended Poincare) sugras by relaxing 
some of the gauge fixing conditions. 

Aimed at the problem at hand, we have relaxed the U (1)a gauge fixing condition imposed 
in the derivation of OM sugra and derived an "old-minimal sugra with a U(1)a compensator" 
(OMA sugra, for short). Its sugra multiplet is (&m A ,^M, Am, S, P,(j>), where <fi is the U(1)a 
compensator. Under (Poincare) susy transformations 5(e) = 5g(e), Lorentz transformations 
(5(A) = 5l(X ab ) and U(1)a transformations 5(u>) = 5a(u)) it varies as follows (see (pi 



5(e, A, uj)4> = oj (3-1) 

so that it is a susy singlet, a Lorentz scalar and a Goldstone boson of U(1)a- As it can be 
gauge fixed to <j) = by a local U(1)a transformation, this is still a minimal (12+12) Poincare 
sugra. 

We have thus two minimal sugras with local U(1)a symmetry: OMA and NM sugras. 



Their (Poincare) susy transformations are encoded in the "Q + S + K" formula ( B.7 ) 



*q(<0 = Sq(€) + 5 s (C(e)) + 6 K (&(e)) (3.2) 

where the parameter in the K (special conformal) transformation need not be specified as all 
the (independent) fields are inert under it. The key information is contained in the parameter 
C(e) of the S (conformal susy) transformation. For OMA and NM sugras it is given by (see 
equation pUD for OMA, and equation (3.28) in @ for NM sugra) 3 



OMA: ((e) = He, H = -1(5 - i-y 5 P + B A ) , B M = ~(A M - d M <t>) 
NM: ((e) = He, H = U lbl A B A , B M = B M (a MN ) (3.3) 

We state explicitly only the 5(e, X,uj) transformation rules of eM A and ipM, 

6(e, X,uj)e M A = e 7 A ^ M + X AB e MB 

3 13 

5(e, \,uj)4>m = 2D(u>) M e - -i^eA M - 7AfC(e) + ~^ AB 1ab^m + ji^M^ (3.4) 

which holds true in both OMA and NM sugras. 

2 The auxiliary vector Bm of NM sugra satisfies a constraint that can be explicitly solved in terms of a 
prepotential oa/at which introduces an additional gauge symmetry in the algebra. For our discussion, the 
introduction of cimn is not necessary. 

3 In OMA sugra we can replace (Am, 4>) by (i™, a) = -\(Am, </>); then B M = Am* ~ d M a. 
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4. Solution of the "£> problem" 



Both in OMA and NM sugras, unlike in the case of OM sugra, there is no need to redefine the 
fields F, G of a chiral multiplet with U{\)a weight n into fields F',G' whose transformation 
rules are n-independent, and in both cases we can use the same conformal -F-density formula 4 



C F = e 4 



F + \^Al A X + \^Al AB {A - i lb B)^ B ( Li i 



Under U(1)a the fields appearing in this density transform as 

5e M A = 0, StpM = t«75*0mw, 5F = -( J 1 3 ^juG 

71 71 / 71 > \ 

SA = --uB, 6B = +-cjA, 5 X = i(---^Xu (4.2) 

and one can check that C F is U(1)a invariant, 5(lu)£ f = 0, provided n = 3. Under (Poincare) 
supersymmetry 5(e) = 5n(e) it transforms into a total derivative 5 

5(e)C F = d M {e 4 [e 7 M X + H MN (A - i l5 B)^ N ] } (4.3) 



which is of exactly the same form as in OM sugra, see ( |2.2|) . From here on the discussion 
of Section |2| applies, but now we can resolve the problem encountered there by an extra 
(e+)-dependent U(1)a transformation. For the U F + A" action in (|L 



S F+A = / <fxC F - / d?xe 3 A (4.4) 

JM JdM 

the combined 5(e+,u>) = 5q(e + ) + 5a (w) variation gives 

5(e + ,Lo)S F+A = I d s xe 3 \(e + i^ a i> a ^)B + -u;B] (4.5) 
JdM L 1 J 

and it vanishes provided oj(e+) = — ^(e + i^j a i(j a ^). This way the " B problem" is solved. 
5. (Modified) induced susy transformations 

Let us summarize what we have learned so far. First, in the presence of a boundary half of 
susy is (spontaneously) broken and for this reason we consider only <5(e+) |IJ. Second, in the 
gauge e m 3 = e a 3 = we need a compensating Lorentz transformation <5(A a g = — e+Va-) 0! 
another, gauge-independent reason for this modification is explained in Appendix [A|. Third, 
from the resolution of the "B problem," which arose in the construction of the supersymmetric 



4 As F' = F - § (SA + PB), G' = G - § (SB - PA) §, the Poincare F-density coincides with the 

conformal -F-density ( |4.l| ) when n = 3. 

5 Note that 8q(()Cf = 5q(e)Cf as Cf is A'-invariant for any n (all fields in Cf are K- invariant) and 
S-invariant when n = 3. (Under S-supersymmetry, SA = <5B = 0, 5x = n(y4 + i'yg.B)^, 8F = (1 — ?i)£x an d 
<5eM A = 0, (J^m = — 7a/Ci <5^-iu = C'TsV'a/, see EL H.) The action is also Weyl invariant for n = 3. 
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bulk-plus-boundary ll F + ^4" density formula, we found that we need a further modification, 
an additional U{\)a transformation S(u> = — |e + i 7 57 a T/>a-)- Putting all the pieces together, 
we claim that 

$'(e+) = €( e +) + ^( A as( e +) = -*+4>a-) +S A (u;(e + ) = -|(M76VV«-)) (5.1) 

is the correct (modified) induced susy transformation which one should consider as surviving 
in the presence of the boundary. By "correct" we mean that this susy transformation closes 
into the standard d = 3 N = 1 susy algebra, as we now explicitly demonstrate. 

From the superconformal algebra and the U Q + S + K" rule, we find that the commutator 
of two Poincare susy transformations is given by (see ( |B.12| ) with e rescaled to 2e) 

PoteO.aSte)] = ^ M ) + s^-^A) + s L (fuc AB + e {11 AB c 2] ) 

+S A (-Z A A A + 2e [1 i 75 ( 2] ) (5.2) 

where £ A = 2e 27 A ei, £ M = £ A e A M , Ci,2 = C(ei,2) with ((e) given in Q, and [12] = 12 - 21. 
From the "Q + L + A" form of the (modified) induced susy transformation we further find 

[6>(e 1+ ),5'(e 2+ )] = «5 9 . C .(£ M ) + 5g(e 3 ) + 6 L (X 3 AB ) + 6 A (u 3 ) 

1 j. A i 1 \ AR " • 

£3 = + ^7ABe[i+A 2 ] + ^«75£[i+^ 2 ] 

A3 - 4 w c + £[i + 7 C2] + A [ 2 Aijc + d (e[i + JA 2 ] 

w 3 = -^^A + 2e [1 i 75 C2] + S'(e [1+ )uj 2] (5.3) 

where we took into account the field-dependence in composite parameters of Lorentz and 
U(1) A transformations and denoted Q 2 = C( e 2+)j etc. Using \ ab (e + ) = and the form of 
A a3 (e + ) and o;(e+) in (|5.1|), we find for the composite parameters 



i a = 2(e 1+7 a 6 2+ ), e 3 = 2(ei +7 3 e 2+ )=0 => ^^V, £ 3 = 

e 3 = -^>a+?, A 3 AB = £ C £/ B + A AB , Lo 3 = -tA a +u (5.4) 

where we separated parts that need more work, 

^7 aS ei+A a 3(e 2+ ) + ^ 
Aab = -e 2+7af ,C-(ei+) - A a3 (e 2+ )A i , 3 (ei + ) -(1^2) 



e = ^7 a3 ei+A a 3(e 2 +) + - A i^e l+ u{e 2+ ) - (1 2) 



A a3 = -e 2+7 a3 C+(ei+) - e 2+ 6'(e+)^ - (1 <- 2) 
5 = -2e 2+ i 75 C(e 1+ ) - |e 2+ i 75 7 a <$'(e + )^ _ - (1 <-> 2) (5.5) 



After some Fierzing, we find (see Appendix ^J) 



\e^a- => e 3 = -~£> a+ => 63+ = -^^+, e 3 - = (5.6) 
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Writing Q mab = Lj^ ab + K mab (where u)+ afc depends only on ip m+ and K mab is the part of the 
contorsion that depends only on ip m - ) , Fierzing and using that the complete antisymmetriza- 
tion of three d = 3 indices must be proportional to the d = 3 Levi-Civita tensor, we find (see 
Appendix 

h ab = eQ +ab _ ?[2+7 «6£( £l]+)) C ' (e+) = C(e+) + li 75e+ (^_i 757 «V 6 -) (5.7) 

In the next section, we will further simplify this expression using the explicit form of £(e) for 
OMA and NM sugras. 

To work out A3 a3 and U3, we need first to determine S' (e^.)ip a - . As a warm up exercise, 
we evaluate 5'(e + )e m a and 5'(e + )e a m . We have 

5'(e + )e m a = e+7 a ^ m + A a3 e m 3 = e +7 a Vw 
5>(e + )e a m = -e +1 ^ a + \ a% e % m 

= -e + ( 7 b er + ^e^a - (e+</>a-)e 3 m = -Z +1 b ^ a+ e b m (5.8) 

where we used e m 3 = 0, which is our gauge choice ( |1.4| ); but note that e^ m / 0. For S'(e+) of 
ip a - = e a m P-ip m , with P_ = |(1 - 7 3 ), we have, using (pPj) , 

5'(e + ty«_ = [y(e + )e a m ]^ m - + ea m P-[2(a m + ^ mcb 7 cb + ^ mC 3 7 cS )e^ 

3 1 - 3 

--jilbt+Am - 7mC(e+) + 2%3^mA c3 (e+) + -275^^(6+) J (5.9) 

As P_e + = 0, the term with d m e + is projected out. This shows that ip a - is supercovariant 
under 5'(e+) susy. We expect supercovariant quantities to transform into supercovariant 
quantities, and we find that this is indeed the case (see Appendix^): 

8'(e + )^ a - = l h e+K ab - -i^ 5 e + A a - 7 aC+(e+) (5-10) 

where K ab is the supercovariant extrinsic curvature tensor and A a is the supercovariant d = 3 
vector part of the U(1)a gauge vector Aa, 

^ipa+^b-, A a = A a + -\ 



Kab = ^ab3 ~ Ti^a+^b-, K = A a + ^1p a+ ij 5 J b ^ b - (5.11) 



We emphasize that the supercovariance is with respect to the (modified) induced susy trans- 
formation 5'(e+); for example, 

2 

5'{e + )A a = 5 A (uj(e + ))A a + ■■■ = d a uj(e + ) + ■■■ = --{d a e + )i lbl b ^ b _ + ... 

leads us to A a (as 5ip a+ = 2d a e + + ...). 
For A a g we now have 

A a3 = -e 2+ 7 a C+(ei+) - £2+ [l b e 1+ K ab - \i^e l+ A a - 7 aC+(ei+)] -(1^2) (5.12) 
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We see that the two ^-dependent terms cancel while ^-dependent term vanishes due to 
"1 «-> 2." Using £ a = 2(e2+7 a ei + ) we find A a g = —^K^, while using K a b = Kfj a we obtain 
the final result 

(^)as = -t\K ha - D 6a3 ) = \^^ a - = A a3 (e 3+ ) (5.13) 

where A a3 (e + ) = — e+ip a - and e 3+ = — ^£ 6 ^&+ according to (|T6]). 
The calculation of is equally simple. We start with 



2 



3 



u) = -2e 2+ i7 5 C+(ei+) - ^e 2+ i7s7° 7 b ei+^af> - i^75ei+Az - 7aC+( e i+) ~ (1 ^ 2) (5.14) 



3 



2 



Again, the ^-dependent terms cancel, now thanks to 7 a 7 a = 3. The term with K a b vanishes 
due to Kaf, = Kb a and "1 «-> 2." Using 7s7 a 75 = —7", we find 5 = £, a A a . This finally gives 

^ 3 = C(A a - A*) = l -e& a+ ilsl h ^b-) = w(e 3 +) (5.15) 

where u)(e + ) = -|e + z7 5 7 6 ^6- and e 3+ = -\t, a ij) a+ . 

We now collect our findings. For the commutator ( |5.3|) of two (modified) induced susy 
transformations, we obtain 

[5'(e 1+ ),5'(e 2+ )] = <V c .(£°e a m ) + 5%(e 3+ ) + 5 L (Xf) + S L (X a ^(e 3+ )) + 5^3+)) (5-16) 

where £ a = 2(e2+7 a ei + ), 63+ = — i£ a V>a+ and A3 afe is given in ( |5.7|) . We observe that the 
(unmodified) Poincare susy, off-diagonal Lorentz and the U(1)a transformations on the right 
hand side recombine into the (modified) induced susy transformation (5'(e3_|_) and the result 
is simply 

[6>(e 1+ ),6'(e 2+ )) = d g . c .^ a e a m ) + S'(~eM + h(\f) (5.17) 

Up to some final simplification of A3 6 and decomposition of 4-component spinors e+ and 4x4 
gamma matrices j a in terms of 2-component spinors and 2x2 gamma matrices, which will 
be done in the next section, this is the correct d = 3 N = 1 susy algebra confirming our claim 
that 5'(e+) in (|5.1[) is the correct expression for the induced susy transformations. 

6. Induced sugra multiplets in OMA and NM sugra 



Our "F+A" action formula (4.4) gives one possible <5'(e+)-supersymmetric bulk-plus-boundary 
completion of the bulk F-density formula. However, other possibilities exist because we can 
add further, separately <5'(e+)-supersymmetric, boundary actions. To construct such bound- 
ary actions and to obtain an explicit boundary F-density formula, we need first to find the 
induced sugra multiplet. 

We have found already that S'(e + )e m a = e + j a ip m+ . To identify the combination of bulk 
fields which plays the role of the d = 3 auxiliary field S3 in the induced sugra multiplet 
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(e m a ,i' m +,S 3 ) we need to work out 5'(e + )ijj m+ . Using ip m+ = P + ^ m , P + = \{l + 7 3 ) and 
(|3.4|) , we write 



3 1-3 

--i-y 5 e + A m - 7mC(e+) + ^as,^™^ 3 ^) + ^75'*/ ! mw(e+) (6.1) 



Now it is the w ma g and ^4 m dependent terms which are projected out. For the remaining terms, 
after some algebra very similar to that used in deriving fl5.7| ) , we find (see Appendix [(]) 

S'(e+)^ m+ = 2D'(Q + ) m e + - 7mC-(e+), C'(e+) = C(e+) + \i^e + (^ a _i l5l ab ^ b _) (6.2) 
where D'(Q + ) m is the induced supercovariant derivative, 

D'(Z + ) m = d m + \^ abl a \ ^ ab =^)mab + ^ ab (6.3) 

Using the explicit form of £(e) for OMA and NM sugras, see (|3.3j), we find 



OMA: ,__(, + ) =_I(S + i 7S7 a £ a )e + , C -(e+) = ^TSe+(P - S 3 ) 
NM: C+(e+) = ^757 a e+^a, C-(e+) = ^7 5 e+^ (6.4) 



Therefore, in both cases we can write £i(e + ) = — ^ij^e+Ss so that 



y(e+)V>m+ = 2D'(D+) m e+ - -i757me+S3 (6.5) 



where S3 is given by 

OMA: S 3 = ~(P-B i )-W, W =-^ a _i lhl ah ^ h . 
NM: S 3 = -B % - W (6.6) 



Note that W is supercovariant (as if) a - is supercovariant) under <5'(e+). Note also that plugging 
C-(e+) = -^75e+-S , 3 into (|5T7|), we find 

A a6 = £ C2) +«6 + (e 2+ i 757 ^ ei+ )5 3 (6.7) 

To establish the connection with the d = 3 expressions as given in O, we now introduce 
a decomposition of 4-component spinors ^± and 4x4 gamma matrices 7 a ,7 3 ,75 into 2- 
component spinors 2 and 2x2 gamma matrices 7": 

-(:;)■ H") - *-(?)■ *--(;) 



- 9 - 



where 75 = 7 7 7 17 with 7^ = 1, and we require that 7 = +e abc6 . For Dirac conjugation 
we have 



$ = ^i^ = (V? 2 , Vi), ^1,2 = ^*7° (6-9) 
Using this decomposition with e+ = ^q 1 ^ ' £l + = ^ an< ^ £2 + = ^O^ W6 °^ a * n 

S'(ei)e m a = ei7>ml 

S'{ei)ip m i = 2D'(Q 1 ) m ei + -j m eiS 3 

Xf = ^ c laft + (e 2 i7 a6 eii)5 3 (6.10) 

where cD^ afe depends only on e m a and V'mi- We observe that this is exactly the structure of 
d = 3 expressions. Therefore, 

(e m a , Vmi, S3) (6.11) 

is indeed the correct d = 3 iV = 1 (Poincare) sugra multiplet, and S'(ei) indeed closes into 
the standard d = 3 iV = 1 (Poincare) susy algebra, 

[# (en), 5'(e 21 )} = 5 ff . c .(£ a e a m ) + S'[- ^>ai) + 5 L (f 2 c lab + (e 2 i7 ab eii)S 3 ) (6.12) 

where £ a = 2(e2i7 a en). 

For a (composite) d = 3 iV = 1 scalar multiplet (A, x, F) on the boundary, we can now 
write a (separately d'(e{) supersymmetric) F-density 

Z F = e 3 (F + ^ al Yx + ~I? a i7°V 6 i + ^3) (6.13) 



This boundary F-density formula, in conjunction with the U F + A" formula (4.4), provides 
means to construct general 5'(e+) supersymmetric bulk-plus-boundary actions: 

S= I d A xL F - [ d 3 xe 3 A+ [ d 3 x£ F (6.14) 

JM JdM JdM 

7. Extrinsic curvature multiplet in OMA sugra 

The U(1)a compensator <j> of OMA sugra has not appeared explicitly in the discussion of 
the induced supergravity multiplet. However, it becomes an essential part of the extrinsic 
curvature multiplet of OMA sugra, as we now demonstrate. 

Although is a susy singlet under 5q(e) transformation of OMA sugra, see ( |3.ip , it is 
not a singlet under the (modified) induced susy transformation £'(e+) 

<5'(e + )0 = o;(e + ) = -^ + z 7 5 7 >a- 5'(e+)a = e + i 7 5 7<Va- (7.1) 
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where a = — §0. On the other hand, from the result for 5' \e+)ip a -. in ( |5.10| ) and the explicit 
form for £ + (e+) in OMA sugra in ( |6.4j ), we have 



y(e+)^ a _ = ^+K ab ~ ^75€+la + ^7a(5 + (7.2) 
Contracting with 7° and using 7 a 7 a = 3 and 7 a 7 fe -ftT a & = V ab Kab = ^> we find 

5 / ( e+ )( 7 > a _) = (£ + S)e + + i 75 7 a 6 + (^l a + B„) (7.3) 



According to ( fO|) and (|5.11| ), -B a = — |^4 a — d a a and A a = A a + ^ip^i-y^^b-, which gives 



-A> + #a = -9 a a + -V> a +*757 V&- = (7.4) 

where -D a a is the <5'(e+) supercovariant derivative of a. Therefore, 

y(e+)( 7 > a _) = (K + S)e+ - i 757 a e + A l a (7.5) 

Converting to the 2-component notation of fl6.8| ), we finally find that 

5'( ei )a = ei7>a 2 , S'(ei)(7>a2) = (£ + S)ei + TeiD a a (7.6) 

where D a a = d a a — ^ip a iJ b ' l Pb2- This shows that 

(a, 7 a Va2, i^ + 5) (7.7) 

is a standard (i = 3 N = 1 (Poincare) scalar multiplet. As it contains the trace K of the 
(supercovariant) extrinsic curvature tensor K a b, we call it the extrinsic curvature multiplet. 
Therefore, we found that the U{1)a compensator a (or <fi) plays a geometrical role: it is the 
first component of the extrinsic curvature multiplet. 

8. Conclusions 

To summarize, we have extended the program of "susy without BC" jj]]toc£ = 4./V = l 
Poincare sugra. The new ingredient of the d = 4 N = 1 (superconformal) algebra compared 
to the one in the d = 3 Af = 1 case considered in Q is the U(1)a i?-symmetry. We found 
that this symmetry plays a crucial role for the bulk-plus-boundary supersymmetry. The bulk 
sugra must have the local U(1)a among its symmetries for the program of "susy without BC" 
to work. This was demonstrated explicitly on the example of old- minimal (OM) sugra, where 
the U(1)a has been gauge fixed and correspondingly the "B problem" arose in the attempt 
to make the bulk i^-density supersymmetric in the presence of boundary. 

To resolve this problem with only a minor deviation from the OM sugra set of auxiliary 
fields, we have introduced a U(1)a compensator cf) (or a = —\<j>) while at the same time 
restoring the role of A^ x (or rather Am = — §A^ X ) as the U(1)a gauge field; we call this 
new version of supergravity the OMA sugra. 
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Having restored the local U(1)a, we managed to complete the "susy without BC" pro- 
gram. The resulting bulk-plus-boundary action formula is formally the same il F + A" formula 
as for the d = 3JV = l case, but the (modified) induced susy transformation <5'(e+) contains, 
in addition to <5g(e+) and the (compensating) Lorentz transformation 5i(\ a ^(e + ) = —Z + ip a -) 
(both present in the d = 3 case), also a particular e+ dependent U{1)a transformation, 
<5 J 4(oj(e + ) = — |e+z757 ct, i/'a-)- The key check that <5'(e+) has been correctly identified came 
from showing that the commutator of two such transformations closes into the standard d = 3 
N = 1 (Poincare) susy algebra. This also allowed us to identify a subset of fields of bulk 
d = 4 sugra as the fields of the standard d = 3 sugra multiplet. This multiplet could then 
be straightforwardly used to construct separately susy boundary actions using the standard 
d = 3 i^-density formula. 

In addition to the induced sugra multiplet, we have identified the complementary extrinsic 
curvature tensor multiplet and discovered that the compensator <j> (or rather a) is the first 
component in this multiplet. This is an example of a general phenomenon: certain pure 
gauge bulk degrees of freedom may turn into physically (or even geometrically) relevant fields 
in the presence of a boundary. (We observed another such example in the (rigidly susy) 
Chern-Simons theory in d = 3 0.) 

The analysis of new-minimal (NM) sugra, another Poincare sugra with the local U{1)a 
preserved, was performed in parallel with that for OMA sugra. We intend to present several 
applications of our formalism in both OMA and NM sugra in a later publication. 

Finally, in Appendix [A| we discussed how the same analysis can be performed without ever 
imposing the Lorentz e m 3 = e a 3 = gauge but using projection operators. These projection 
operators resemble the operators used in the derivation of the Gauss-Codazzi equations for 
induced curvatures, but we needed to extend this formulation to the case of vielbeins instead 
of metrics. We found that working with those projection operators gives results which are 
isomorphic to working in the gauge, and since the latter procedure is much simpler, we decided 
to use in the main text only the gauge-fixed approach. 

Acknowledgments. This research was supported by the National Science Foundation (NSF) 
grant PHY-0653342. The research of D.B. was also supported in part by the German Science 
Foundation (DFG). 



A. Projective formulation 

In this appendix we demonstrate how the modification of e+ susy by an off-diagonal Lorentz 



transformation, see (5.1), arises in a geometrical approach (that we call "projective formu- 



lation") where, instead of imposing the gauge (1.4), we work with projected indices and 
projected transformations. There is a simple correspondence between objects (such as the 
induced vielbein, etc.) in the "gauge-fixed" and "projective" formulations that will become 
clear as we proceed. Once this correspondence is established, the results in the two formula- 
tions become isomorphic. 
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The projective formulation is the covariant formulation where geometrical objects related 
to boundaries (or hypersurfaces) such as the induced metric (the first fundamental form), the 
extrinsic curvature (the second fundamental form), the induced covariant derivative, etc., 
are defined || using the projector Pm = $M — n-Mn N where um is the (unit, outward 
pointing) normal to the boundary. In applications to General Relativity it is sufficient to 
work with tensors having world indices (M,N); however, when fermions are present, one 
must also introduce tangent vector indices (^4, B) and spinor indices (a, (3). The corresponding 
projective formulation has been developed and applied before (see e.g. but to the best 

of our knowledge the extension to vielbeins and projected susy transformations (see below) 
have not been discussed in the literature. 

First of all, we note that using a projective formulation for world indices is not needed 
for our purposes. We can freely choose our coordinates x M in such a way that the boundary 
dM. is at x 3 = and the space M is "to the right" of dAi (i.e. x 3 > for points in M). This 
choice in no way restricts the local parameter £ M (x) of general coordinate transformations. 
Making this choice, our normal ii« and its tangent space analog ha = eA M riM are given by 

«M = (0, ^=) => n A = -^L (A.l) 

y 9 y 9 

where the normalization follows from g MN nMnN = rj AB riAnB = 1 and the minus sign ensures 
that the normal is outward pointing. We define the following projectors for tangent vectors 
and spinors 6 

Pa B = S A B ~ n A n B , N A B = n A n B , P ± = ^(l±n A ^ A ) (A.2) 

where the spinor indices of P± have been suppressed. The projectors satisfy the standard 
properties {P A B + N A B = S A B , P+ + P- = 1, P A B P B C = P A C , P A B N B A = 0, P+P. = 0, 
etc.) and allow a decomposition of Lorentz vectors Va and spinors ip into "parallel" (Va', 
and "normal" (V^, ?/;__) components 

V A = V A > + V A , V A '=Pa B V b , V a = N a b V b ; ^ = V+ + ^-, ^± = P±^ (A.3) 

We also define = ti a Va so that V A = uaV^. 

Applying this formalism to the Lorentz index of the vielbein &m A = ( e m A ,^3 A ) and its 
inverse ca M = (eA m ,eA 3 )-> we immediately find two identities 

3 _ A G. m A eA 3 „ 
e m = e m n A = 1=- = 

vV 3 

e A > 3 = P A B e B 3 = ~ ^P A B n B = (A.4) 



6 In local superspace there is a distinction between world space spinor indices and tangent space spinor 
indices. However, for spinors defined in x-space, one identifies the two concepts (by taking the "spinor vielbein" 
to be unity) and speaks simply of "spinor indices." 
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Defining g mn = e m A 'e n B 'r] AB and g mn = 7] AB e A ' m e B ' n where 

„ A' „ Bn A m T3 B „ m i a r\ 

e m = e m Pb , e^' = -Pa e B (A.5) 

a short calculation shows that g mn = e m A e n B r]AB = gmn which is the induced metric at a 
hypersurface with constant x 3 , whereas g~ mn = P AB eA m eB n = g mn — {g m3 g n3 /g 33 ) satisfies 
dmkg kn = Sm n and is thus the inverse of the induced metric. In this sense e m A can be called 
the induced vielbein and eA ,m its inverse (although both are not even square matrices). 

In General Relativity, given a bulk (world space) tensor T and the bulk covariant deriva- 
tive Vm, we have two candidates for the induced ("hypersurface compatible") covariant 
derivative of the corresponding projected tensor T' = PT, 

V'T' = PVT, V"T' = PVT' (A.6) 

where "P" is a symbolic projector whose precise form depends on the index structure of the 
tensor to which it is applied. For T' M = Tm> = Pm N Tn, we have 

I X' = P.v V| I'm ' 1 ^ l \, 
V" M T N , = P N Nl P M Ml V Ml (P Nl N *T N2 ) (A.7) 

Defining the extrinsic curvature tensor as Kmn = —Pm Mi Pn Ni ^ N^Ah = Knm (see [jj), 
we find a relation between both derivatives 

VmTn' = V' M T N , + K M N{n K T K ) (A.8) 

We used Pm Mi Pn Ni ^ ' N\Pmi K = Kmn uR '■> which in turn implies 

V M P N K = P N N ^ P M Ml (V Ml P Nl Kl )P Kl K = (A.9) 

Thus the projector Pm commutes with the projected derivative V. Since V = V" on the 
projector, it commutes with both V and V": VP = V"P = 0. Similarly, if the original 
tensor T is already projected, T = PT, then V'T = V"T (which may be the reason why V' 
and V" are usually not distinguished ||). 

We now use this approach to define projected transformations. (Recall that we use only 
projectors for tangent space vector and spinor indices; world space vector indices are simply 
decomposed as M = (m,3).) Given a transformation 5, defined for a bulk (Lorentz) tensor 
T, we define, for a projected tensor T' = PT, the corresponding projected transformation 8' 
as follows 

5'T' = P5T (A.10) 

where P is the identity for scalars, or any of Pa B ,Na b ,P± or their tensor products for 
tensors and spinors. For example, S'T A ,^ = Pa Ai Nb Bi 5Ta 1 b 1 - It immediately follows that 

7 If one does not make the M — (m, 3) decomposition, but uses both world space and tangent space 
projectors, the induced vielbein is Pm N &n B Pb A ■ This is a square matrix but with vanishing determinant. 
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for any transformation 5, the corresponding projected transformation 5' of the normal vector 
n A = N A B n B vanishes 

5'n A = N A B Sn B = (A.ll) 

where we used n A 6n A = which follows from the normalization condition n A n A = 1- One 
can similarly prove that all projectors are invariant under (i.e. commute with) the projected 
transformations 

5'(P A B ,N A B ,P ± ) = (A.12) 

For example, S'P+ = P + (5P + )P + = ^(5n A )(P + ~f A P + ) = \{n A 5n A )P + = where we used 
n A 5n A = and the identity P±j P± = dbn P± which follows from P±-y A = 7 P^. ± n A . 

For projected Lorentz transformations we have, according to our definition in ( A.10D , 
5'(\)V A t = P A B 5(X)V B = Pa B ^b C V c , etc. It is straightforward to show that 

5'(\)V A . = \ A > B 'V B , + \ A >%, 5'(\)Vj = X^ b 'Vb' 

6\\)i>± = \\ A ' B 'ia>b^± + \^1 a ,^t (A-13) 

where j A > = P A Br y B and 73 = n Ar y A . As a consequence of {7a>7b} = ^VAB, we find that 

b A '^ B '} = P AB , {7 A ',f} = 0, {7^,7^} = 2 (A.14) 

(Note that V A ' = V B P B A = P AB V B = T) AB V B > while V 3 = n A V A = n A V A = F 3 .) 

Let us now turn to the projected supersymmetry transformations. We define parameters 
e± by e± = P±e which yields 7 3 e± = ±e±. Note that e± are field-dependent. Starting from 
5(e)eM A = £7 ViWj we find for 5'(e+) = P5(e + ) acting on the projected parts of the vielbein 
eu A the following results 

5'(e + )e m A ' = e+7 A Vm+, <5'(e+)e m 3 = -e+V>m- 
5'(e + )e 3 A ' = e +7 A >3+, <5'(e + )e 3 3 = -e+^ 3 - (A.15) 

At this point we note that we have run into a problem: our projected susy transformation 
does not preserve the identity e m = e m n A = of (|A.4f ) ! On the other hand, it is still true 
that 5(e + )e m 3 = 0. It is easy to understand what is going on from the following identity: 

5'e m 3 = n A 5e m A = 5e m 3 - e m A 5n A = 5e m 3 - e m A ' ' 5n A (A. 16) 

For a general variation 5 of n A = —e A 3 /\/ g 33 one finds 

*U— ^ (A.17) 

which gives 5(e)n A = —ej^ipA? and therefore 5{e + )n A = e + i)j A i_. (Note that this is consistent 
with 5'(e+)n A = N A B 6(e + )n B = 0.) Now it is clear that 5'{e + )e m 3 7^ is due to 5{e + )n A 7^ 
even though 5(e + )e m 3 = 0. 



- 15 - 



The identity e m 3 = is also not preserved by the projected Lorentz transformations as 
5'(X)e m 3 = — e m A ' X A > 3 . For a combined transformation 5'(e, A) = 5'(e) + 5'(X) we find 



S'(e, A)e m 3 = -e m A (A A , 3 + 5(e)n A ) (A.18) 

Therefore, preservation of e m 3 = forces us to modify the projected transformations by 
adding a compensating Lorentz transformation with parameter X A ,^ = —5n A . For e+ susy 
this leads to the following modified projected transformation 

$"(£+) = 6'(e+) + S' L (x A r 3 (e + ) = -e + ^,_) (A.19) 

Similar modifications are required for all other projected transformations. Since under Lorentz 
transformations 6(X)n A = X A B n B = X A i 3 , we find that 

5"(X A , B ,) = 6'(X a >b>), $"^A's) = (A.20) 
whereas for general coordinate transformations it follows from 5(^)n A = £ Qm^A that 8 

= S'(0 + S'l(\ a >3 = -i M d M n A ) (A.21) 



Having come so far, let us ask what happens if, instead of S'T' = P5T, as in ( |A.1Q ), we 
define an (alternative) projected transformation by 

S"T' = P5T' (A.22) 

where T = PT. Obviously, we have 5"T' = 8'T' + (P5P)T. (Note that 6'P = P(5P)P in 
( |A.12 ) vanishes, but, as we shall show, P5P is nonvanishing.) Writing this out more explicitly 
for the basic projected tensors and spinors T' = (V A > ,V A ,ip±), we find 

5"V A , = 5'V A , + (P A B 5P B c )Vc, P A B SP B C = -(P A B Sn B )n c = -(5n A )n c 
5"V A = S'V A + (N A B 5N B C )V C , N A B 5N B C = n A n B n B 5n c = n A 5n c 
5"if>± = <Jty± + (P±5P ± )i>, P ± 5P ± = P±(±Un Al A ) = -hn Al A ^P T (A.23) 

where we used P A B n B = 0, n A 5n A = 0, n B n B = 1, P±j A = ± n A and 7 3 P=p = T-Bp- 

Comparing these results with the A^/3 parts of projected Lorentz transformations in ( |A,13| ), 
we find that, in all cases, 

S"T' = S'T' + S' L (X M = -5n A ) (A.24) 



8 When one imposes the gauge e m 3 = e a 3 = 0, one finds ua = (0,0,0, —1). Then 5(e+)nA = 0, but one 
needs a compensating Lorentz transformation to stay in the gauge, and the final result for the modified e+ 
transformation has the same (or, rather, isomorphic) form in both approaches. On the other hand, we needed 
no modification for the £ m part of the general coordinate transformation in the gauge-fixed case |l| which is 
also in accord with (A.21) since ^ m d m nA — in the gauge-fixed case. 
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This shows that the modified projected transformations are precisely the projected transfor- 



mations defined by (A.. 22). (Note also that 5"T' = P5T' is in line with the definition of the 
induced covariant derivative: V"T" = PVT'.) 

Calculating variations of the bulk fields eM A , ipM, etc. under the modified projected susy 
transformation <5"(e+), we observe that they have the same form as that found in the gauge 
e m 3 = e a 3 = provided we make the identification (A', 3) <-> (a, 3). (Actually, V 3 = uaV a 
becomes — V 3 in the gauge, but this minus sign can be removed by redefining V 3 .) It is then 
(almost) obvious that for the commutator of two modified projected susy transformations we 
find a result isomorphic to the result in the gauge, with all the transformations on the right 
hand side being again the modified projected transformations 5". For example, in the d = 3 
N = 1 case of [0, where only the Lorentz modification was required for induced e+ susy, the 
susy algebra in the projective formulation has the following form, 

[6"(e 1+ ),S"(e 2+ )} = 5l c Xn + S"(e + ) + 5'i{\ A ' B ') (A.25) 

with £ m = 2(e 2+ 7 A 'ei + )eA' m , e+ = -^ m tp m + and X A , B t = i m ^ mA , B ,- This is the same 
form as obtained in [|l| in the Lorentz gauge. One subtlety to be clarified is whether the field 
dependence of susy parameters plays any role in obtaining this result. A priori one could 
expect contributions to the composite parameter of the modified susy transformation which 
stem from the field dependence of e + = ^(1 + uaj a )€ 

?=<5"(e 1+ )e 2 +-(l~2) (A.26) 

However, if e itself is field independent, then all the field dependence in e+ is due to the 
projector P+. Since, as we showed, the projectors are invariant under arbitrary projected 
transformations, we find that e = 0. Note, however, that for this argument to be correct we 
should never require that e_ = |(1 — n y i7" 4 )e vanishes as this would violate the assumption 
that e is field independent. We simply concentrate on susy transformations with e + , leaving 
e_ aside. 

Another subtlety in lifting the results found in the gauge e m 3 = e a 3 = to the corre- 
sponding results in the projective formulation has to do with the determinant of the induced 
vielbein (e~2 in the d = 3 case), which we definitely cannot define as the determinant of 6 m 
Instead we define 



e 2 = V - det5 mn , g mn = e m A ' e n B ' t]ab (A.27) 

This definition gives (5e 2 = ^e2g mn Sg mn = e 2 e^' m (5e m " 4 which coincides with the lifting of 
<5e 2 = e 2 e a m e)e m a in the gauge-fixed case (where e 2 = dete m a ). Therefore, the d = 3 "P + j4" 
formula in the projective formulation is 

S= f d 3 xC F - [ d 2 xe 2 A (A.28) 

JM JdM 

We conclude that as far as Lorentz modification of induced transformation rules is con- 
cerned, all results in all dimensions in the gauge e m 3 = e a 3 = can be recast in the language 
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of the projective formulation. In the case of local susy in d = 3 there is only a Lorentz 
modification, but in the case of local susy in d = 4 one needs also a U(1)a modification to 
obtain closure of the gauge algebra. This U(1)a modification is added after one has deduced 
the Lorentz modification as discussed in this appendix. 



B. Old-minimal sugra with a U(1)a compensator 

The derivation of old-minimal d = 4 N = 1 Poincare sugra from conformal sugra was per- 
formed in [[!(]] and summarized in [|ll], 12 1. The gauge fields and symmetry parameters in the 
conventions of Iff2l are 



K = e™P m + ^ mn M mn + WQ + U m K m + b^D + + A„A 
e = CPm + \\ mn M mn + IQ + &K m + X D D + (S + ljA (B.l) 

(We adhere to these conventions in this appendix; changing (fi, m) — > (M, A) and e — > 2e 
brings us to the conventions used in the main text.) 

To derive old-minimal sugra with a U(1)a compensator (OMA sugra, for short) we will 
follow the standard derivation with one small (but essential) difference: we will not impose 
the U(1)a gauge condition. We start with the conformal sugra multiplet (e^" 1 ,^^, A^b^) 
and a chiral multiplet 9 

(A , PrXo, To) = (~{Ao + iB ), l(i + 75 ) Xo , i(F + iG )) (B.2) 

of U(1)a weight n = 1. Note that under U(1)a transformations with local parameter to the 
supergravity fields and those of a chiral multiplet (A, XR = PrXiF) with U(1)a weight n 
transform as follows 

3 

Se^ = 0, 5ip^ = -i75T/> M w, 8 An = d^u, 5b^ = 

2 Tb 3 2 

5A=~nuA, 5xr = i{- - j)^XR, 5F = -(n - (B.3) 

We consider D (dilatations), S (conformal supersymmetry) and K m (special conformal trans- 
formations) as extraneous symmetries and gauge fix them by setting 

2A = e^ 2 , xo = 0, 6^ = (B.4) 

These constraints are invariant under general coordinate (Sg.cX^)) an d local Lorentz (SL(X mn )) 
transformations provided <j> is a scalar. The combined Q,S,K m ,D and A transformation of 



9 Usually one calls the operator |(l +75) the projection operator onto left-handed fermions, but because 



in C3| it is denoted by Pr, we will also here denote it by Pr. 
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these constraints requires 



SAo = -jtXm + Ad A + = 

3 i 



% = ^ - ^ - 2^ efim + a M A D = (B.5) 



where D^Ao = d m Ao — ^ m XoR ~ b m Ao — ^A m Ao- This is solved by requiring 

8</> = u, A D = 0, Cm = ^m-C^m), %R = ~Aq 1 P R (lp c Aa + F )e (B.6) 

This tells us that the U (I) a symmetry is preserved provided it acts on <j> with a shift, 5a{^)4> = 
lu; the D symmetry is broken and can be simply dropped; S and K m symmetries are broken 
but play a role in restoring the Q symmetry. The Poincare susy is given by the "Q + S + K" 
formula 0, |l| 

5%(e) = 5 Q (e)+6 s (C(e)) + 6 K (t%(e)) (B.7) 
where ("(e) and £^(e) are given in ( |B,6| ). For £(e) we find 

Pr( = -\pr{Fq ~ ll m A m )e, fo^^Fo, 2 M = A^ - (B.8) 

where we note that 5a(u)Fo = —\wTq and 5A(u)A m = 0. Defining Tq = ^(Fo + iGo) and 
extracting the projector Pr = |(1 + 75), we obtain 



C = -~(F + i 7 5G - i757 m ^m)e (B.J 



Finally, for comparison with the conventional old-minimal (OM) formulation, we define 



10 



S=\f q , P = -\g , A™ = -~A„ a = -~cf> (B.lOi 



which gives for our OMA sugra 



UO^ft, i? = -i(S-i 75 P + i757 m S m ), S^^AJT-V (B.ll) 



This is the key formula that we need. Using the "Q + S + ^T" rule (taking into account that 
all independent fields are inert under K), it is straightforward to write explicitly Poincare 
susy transformations of fields in the OMA sugra multiplet (e^" 1 , tp^, A^ x , S, P, a), and fields 
in other multiplets (chiral, linear, vector, etc.). 



10 With 2Ao = e^, we have To = le^Ta or F + iG = 2e~ i4 (F + iG ). For OM sugra with <p = 0, this 
gives S = 3F and P = -3G ^ 0, 
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Prom (|B.6| ) we observe that 4> (or a) shifts under U(1)a, but is inert under Q,S,K. 
Therefore, it is inert under Poincare susy. To understand how this can be consistent with the 
usual statement that "two susy transformations yield a translation," we need to find the susy 
algebra for OMA sugra. 

The commutator of two Poincare susy transformations follows from the superconformal 
algebra and the "Q + S + K" rule [JTTJ, ||] and we find, 11 for OM, OMA and NM sugra, 

= wn + C(-^)+M-^+V75C 2] ) 

+SL(e^ mn + \w mn t2]) (B.12) 

where = ^627^1 ; (1,2 = C( e i,2) an d u>^ mn is the usual supercovariant spin connection; we 
also introduced the notation [12] = 12 — 21. Substituting £(e) of OMA sugra, see (B.ll), we 
find 

Sq^)} °= A + + W) 

+6 L (? t Q™ + \e2l mn (S - i 75 P) £l + Je mn ^Pv) (B.13) 
3 

The form of the composite U(1)a transformation explains why <ft can be inert under susy: 
the commutator of two Poincare susy transformations on <p vanishes because the sum of the 
composite 5 g , c , and 5a transformations of <j) vanishes. Setting = gives the algebra for OM 
sugra. 



C. Conventions and technical details 

Our conventions are the same as in [01 with the obvious extension from d = 3 to d = 4. 
(M, N, K) are d = 4 world (curved) indices; (A, B, C) are d = 4 tangent (flat) indices; spinor 
indices are always implicit. We use the decomposition M = (m, 3) and A = (a, 3) with 
m = 0, 1, 2 and a = 0, 1, 2. The space A^ has boundary dA^ at x 3 = with coordinates x m ; 
points in A4 have x 3 > 0. The gamma matrices 7^,75 satisfy 

7Y = f + / B , 75=7 1 7W, l ABCD = il,e ABCD (C.l) 

where r/" 45 = ( — and e 0123 = +1. Our spinors are Majorana, tp = ip'ij = ifi T C, where 
( 7 °)t = _ 7 6 ) ( 7 l )7 2 )7 3)t = ( 7 i, 7 2, 7 3) an d c T = -C, C^C- 1 = -( 7 A ) T The spinorial 
projectors P± satisfy 

P± = i(l± 7 3 ), P+ + P_ = l, P±P± = P±, P+P_ = (C.2) 



n The K transformation with parameter £m(e) = \{^4> m — C^rn), as well as the field dependence of both 
£(e) and £m( e )> are crucial for the recombination of composite Q,S,K transformations on the right hand side 
of the commutator into the composite Poincare susy transformation Sq^—^ipp). 
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where we stress that 7 is constant. We decompose spinors as if) = + where tp± = P±tj). 
It follows that ip± = tpP^f - Therefore, for example, (jnj) = 4> + ip- + 4>-' l P+- 

General coordinate 5 g . c .(0 and local Lorentz transformations <5l(A) of the vielbein ejv/ 
and gravitino ipM are given by 

5 9 .c.(OeM A = H N d N e M A + (d M £ N )e N A , S L (X)e M A = X AB e M B 

5g.c.(04>M = t N d N i> M + (d M £ N )l/> N , 5 L {\)4>m = l -\ AB lA B^M (C.3) 

with X AB = -\ BA . We use D(lo)m to denote a Lorentz covariant derivative constructed with 
connection ujmab] for example, D{uj)m^n = dj^ipN + \^MABl ABrt pN ■ The supercovariant 
spin connection ujmab is given by 

U M AB = u(e) M AB + KMAB, K M AB = j(^M7A1pB ~ ^MlB^A + ^aIM^b) 

u(e)MAB = -^{Cmab — Cmba — Cabm), Cmn A = d]\ieN A — dN<iM A (C-4) 

where ipA = ^a M,{ Pm, etc.; uie)MAB is the torsion-free connection and Kmab is the contorsion 
tensor. Under local Lorentz transformations S(X)Qmab = —D(^)m^AB- 

The induced metric on a hypersurface with constant x 3 is g mn = e m a e na + e m 3 e n 3. 
In general, therefore, e m a is not the induced vielbein. In the gauge e m 3 = 0, however, 
9mn = e m ae na and e m a is the induced vielbein. Imposing e m 3 = implies e a 3 = 0, and vice 
versa. In the gauge e m 3 = e a 3 = 0, we have e m a e a m = 5 m n , e a m e m b = 5 a b , e3 3 e 3 3 = 1 as well 
as 

lm = e m a la , 73 = e 3 a 7a + e 3 3 7 3, 7™ = l a e a m + 7^3™ 7 3 = (C.5) 

In addition, uj(e) ma b coincides with the torsion- free connection constructed out of e m a whereas 
K mn = uj(e) ma ^e n a is the extrinsic curvature tensor Q. Note that under local Lorentz 
transformations 5(A)D ma3 = —D m (Q)X a ^. For the modified susy transformation including 
A a g = — e+Va-j the supercovariant extrinsic curvature is therefore 

K m a = 2 ma 3 - -1p m+ 1p a - = K ma + |0 TO 7a^3 + ^alra^% ~ V'm^a) (C.6) 

and as the bosonic part is symmetric, 12 K a b = K\, a , we find that K a b = K\, a . Performing the 
following decomposition, 

Q mab = w ( e )ma6 + K^ ab , l^iab = \{^m+la^b+ ~ ^ m+ lb^a+ + VV+7mVVf) (C.7) 

we observe that 2^ afc is the supercovariant spin connection for the induced vielbein e m a . 
(Supercovariant both under ordinary susy transformations and under modified susy transfor- 
mations.) 

12 Use ( |C.4| ) and C ab § = 0, which is the case in the gauge e m ^ = e a 3 = 0. 
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Fierzing in d = 4 is done using the following formula 

{ri\)m = -j{rlO^){zOi\), O j = (l, lA , -j= 7AB , i TolA , 75) (C8) 

where in O 3 the Lorentz indices A, B are raised. In addition one uses that, for Majorana 
spinors, ey Al . . . j Ak ip = {—) k il)^f Ak . . . j Al e and £757^ . . . j Ak if; = V ; 757 j4fc • • • 7 Al e. With the 
decomposition A = (a, 3), we can write 

Oj = (1, 7 a , 73, 7y|7afe, «7 a 3> *757a, »757Si 75) (C.9) 

Using 7 ab = -e afec i757 c 7 3 , e abc = e abcS and e aWc e afec = -25 k c we find that 
Oj = Of@Oj, Of = (7 a , i7a7 3 ; 75, *757 3 ) 

°7 = ^' 7 s ; i757a ' ^7073) ( c - 10 ) 

so that only rj + Ofijj+, 7j_Ofip- and rj + Ojip-, rj_Ojifj+ are nonvanishing. 

A tensor with complete antisymmetrization in d = 3 indices a, b, c must be proportional 
to the d = 3 Levi-Civita tensor e a 6 c - For a tensor satisfying C a fe c = — C c b a this means 

C[afec] = -^(C a bc + Cfoca + Ccafe) = ^abcC, C = —-e abc C a b c (Cll) 

Applying this to C a bc = ^alb^c and using e abc j c = 2757°* 731 we find the following identity 

IpalbA + Ipblclpa + tpdatpb = 3e abc C, C = l%^b (C.12) 

With these conventions and tricks, let us now perform some of the technical derivations 
referred to in the main text. To prove fl5.6|), we need to work out 

?= i 7 aS e 1+ (-e 2+ Va-) + |*75ei+ ( " ^ 2 +*'757>a-) - (1 <- 2) (C.13) 
Forming a scalar by multiplying with a spinor and using 7 a3 e+ = 7a 73 e + = 7a£+, we get 

^ = -\{l>l a e l+ )(e 2+ ^ a .) + ^7 5 e 1+ )(e 2+ 7 5 7>a-) - (1 <- 2) (C.14) 
Fierzing this expression into the form e2+Oje± + , we find 

0?= i(e 2+ 0,ei+) f^OjVa- " 075O,-757°^a-l - (1 <- 2) (C.15) 

o L 

Only Of survives in e2+Ojei+; 75 dependent terms in Of drop out due to "1 *-* 2." The 
remaining two objects in Of, 7" and i7 a 7 3 , contribute equally, and yield 

0?= i(e 2+ 76ei+) [07 a 7Va- - ^TbtS&tVo-] - (1 ~ 2) (C.16) 
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Using 757 b 75 = -7", 7 a 7 & + 7 ft 7 a = 2i] ab and ei + 7 fe e 2+ = -e 2+ 7 6 ei + , we find 

?=(e 2+ 7 a ei + )V-a- = ^ a ^- (C.17) 



where £ a = 2(e 2+ 7 a ei + ). This proves (|5Tq). 

To prove (|5.7|), we first find, using same tricks while Fierzing, that 

A a3( e 2+)A fe 3(ei+) - (1 <- 2) = (e 2+ ^ a _)(e 1+ ^-) - (1 <- 2) 

= -i(e 2+ 0,e 1+ )(^_0^a-) - (1 <- 2) 

= -(e 2+7 c ei + )(^_7cV'a-) = ^ c (VV-7c^-) (C.18) 



Writing Q mab = w+ afe + K mab as in (|07|), we find from (|J) that 

(hU = e^ab ~ e{2 + Jab(-(ei] + ) + e*- cab ~ \e& a -lc^-) (C19) 
Using the identity in ( C.12| ) with 73^- = — V'ft-j we obtain 

K C ab ~ 2*00- 7c^6- = -^ c -lai>b- ~ ^ c -lb^a- ~ V>a-7c^6-) = -^ abc W (C.20) 

where IV = ^ a -h5j al 'ipb- ■ Using e afec 7 c = i^ a bly we find 

£ c e a fec = 2(e 2+ z757 ab ei+) = e[ 2+ 7 afe i7 5 ei ]+ (C.21) 

This allows to write (A3) a b in the following form 

(\ 3 U = eZt ab -e [2+lab C(ti ]+ ) (C22) 

where C-( e +) = C-( e +) + ii75e4.IV. This proves (^??|). 

To prove ( |5.10| ), we first collect the terms in ( |5.S| ) remaining after projection with P_, 

3 

^'(e+jV'o- = ~(tf7 Vaf )^6- + l C3e +^ac3 ~ T^l^+K ~ 7aC4(e+) 

+^7 C 3^a + (-e+^i) + -i75^a + (- ^e+«757 c V> c -) (C23) 

where we used, in particular, that -P-75 = 75-P4 as 7 3 75 = — 7s7 3 - Completing tD ac3 into the 
5'(e+) supercovariant K ac = cD ac3 — \il> a+ 4> c - , see ( |C.6| ), we write 

3 

5'(e + )ip a - = -y b e + K ab - -i^ b e + A a - 7 a C + (e4) + Q- 

Q- = Ijl^+itPa+tPb-) - ^b-(e+7 b i>a+) 

-i 7 Va4(e + ^-) + \l^a + {e + lsl b ^b-) (C.24) 
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Fierzing (j)+Q- into the form ip a+ Ojipb-, where only O- survives (with 7 3 and 1757073 dou- 
bling the contributions of 1 and i757 c , respectively), gives 



= (Wf^~)(<M^+)(2 - 2 + 4 " 4) 

+(^ a+ 757 c ^fe-)(^+757 c 7 6 e+ + ^0a+757 & 7 c e+ - ^+757 c 7 b e+) 

= (?„ + 757c^-) (^ + 7s(7 c 7 b - 7 c6 )e+) = i(0 + 75e + )(? a+ 757V b -) (C.25) 

We can absorb Q- by redefining A a , 

y(e + )Va- = l b e+K ab - ^i~f 5 e + A a - 7 aC+(e+) (C.26) 

where A a = A a + |"0a+*757 6, 06-- This proves (|5.10Q . 

Finally, to prove (|6.2|) , we first collect the terms in (|6.1|) which survive the projection 
with P + , 

5'(e+)V m + = 2D'(Q + ) m e + - 7m C-(e+) + 5 + 

Q+ = - 7 > m _(e+^ a _) + i 75 V m -(e + 757 a V'a-) (C.27) 

Fierzing 4>_Q+ into the form ijj a _Ojip m _, where only Q~j~ survives (with i7 c 7 3 and 27573 
doubling the contributions of 7 C and 75, respectively), gives 

+(? a _75V>m-)(^-7 a 75e + )( - ~ + \) (C28) 



so that Q+ = — ^7 afe e + (V ; a -_7feV ; m-)- Combining with the K mab term, we find 

\"f abe + K mab + Q+ = -^7 a6 £+(V'm-7a'06- ~ ^m-lb^a- ~ ^a-lm^b-) 

= ~\l ab e + ( - \tabmW) = -]p m i^e + W (C.29) 



with W = 4^ a _«757 ipb-- We used the result in (C.20) and 7 e a & c = 2i r y^'j c 73. We can now 



combine this result with the term — 7 m £_(e+) to find 

5'(e + )^ m+ = 2D / (D+) m e+ - 7 mC-(e+) (C.30) 
where £i(e + ) = £_(e+) + ^ij5C+W. This proves (|6^), 
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